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Background Equations in groups

Words with constants
G := a group.
Definition (Word with constants)

A word with constants for G in » many variables is
WL,y .y Tr) 1= Vo T V-1 L) -0 V1T Y0
for v0,...,7m € G, €1,...,en, € {—1,1}, and ¢1, ..., € {1,...,7}.
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Background Equations in groups

Words with constants

Definition (Word with constants)

A word with constants for G in 7 many variables is

w(TL, ..., Tr) 1= Vo T Yool TT) oo VLT Y0
for v0,...,7m € G, €1,...,en, € {—1,1}, and ¢1, ..., € {1,...,7}.
l.e., we€ G x F,.
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Background Equations in groups

Words with constants

Definition (Word with constants)
A word with constants for G in 7 many variables is
w(TL, ..., Tr) 1= Vo T Yool TT) oo VLT Y0
for v0,...,7m € G, €1,...,en, € {—1,1}, and ¢1, ..., € {1,...,7}.
le., atermin £:= {71 (v)sec}-
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Background Equations in groups

Words with constants

Definition (Word with constants)

A word with constants for G in 7 many variables is
py— € €En— €
w(T1, ..., Tr) = Yo T Yn-1 A T B A )

for v0,...,7m € G, €1,...,en, € {—1,1}, and ¢1, ..., € {1,...,7}.
w is singular if “forgetting constants” and reducing we get 1:

y lryar vy
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Words with constants

Definition (Word with constants)

A word with constants for G in 7 many variables is

py— € €En— €
w(TL, ..., Tr) 1= Vo T Yool TT) oo VLT Y0

for v0,...,7m € G, €1,...,e5, € {—1,1}, and ¢1,...,1, € {1,...
w is singular if “forgetting constants” and reducing we get 1:

_ _ f t _ _ _
y loyer T Imy = ylar ly sy ly e 1

constants
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Background Equations in groups

Words with constants

Definition (Word with constants)

A word with constants for G in 7 many variables is

py— € €En— €
w(T1, ..., Tr) = Yo T Yn-1 A T B A )

for v0,...,7m € G, €1,...,e5, € {—1,1}, and ¢1,...,1, € {1,...
w is singular if “forgetting constants” and reducing we get 1:

_ _ f t _ _ _
y loyer T Imy = ylar ly sy ly e 1

constants

@ Singular words are “close” to the identity;
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Background Equations in groups

Words with constants

Definition (Word with constants)

A word with constants for G in 7 many variables is

py— € €En— €
w(T1, ..., Tr) = Yo T Yn-1 A T B A )

for v0,...,7m € G, €1,...,e5, € {—1,1}, and ¢1,...,1, € {1,...
w is singular if “forgetting constants” and reducing we get 1:

forget 1

y lryar vy y lzz ly— yly e 1.
constants

Otherwise, w is regular (a.k.a. non-singular).
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Background Equations in groups

Equations in groups

w defines a word map: w: G" — G (g1,...,9:) — w(g1,- -, gr)-
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Background Equations in groups

Equations in groups

w defines a word map: w: G" — G (g1,...,9r) — w(gi,...

We are interested in equations w(xy, ..., w,) = 1.
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Background Equations in groups

Equations in groups

w defines a word map: w: G" — G (g1,...,9r) — w(gi,...

We are interested in equations w(xy, ..., w,) = 1.

® when can we solve w?
dg1,...,9r € Gst. w(gr,...,gr) =1;
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Background Equations in groups

Equations in groups

w defines a word map: w: G" — G (g1,...,9r) — w(gi,...

We are interested in equations w(xy, ..., w,) = 1.
® when can we solve w?
dg1,...,9r € Gst. w(gr,...,gr) =1;
® when is w a mixed identity?
Yoi,...,9r € Gw(gi,...,gr)=1.
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Background Equations in groups

Equations in groups

w defines a word map: w: G" — G (g1,...,9r) — w(g1,..., gr)-
We are interested in equations w(xy, ..., w,) = 1.

® when can we solve w?
dg1,...,9r € Gst. w(gr,...,gr) =1;
® when is w a mixed identity?
Yar,....90- € Gw(gr,...,g9r) =1.

@ These notions are in tension!
Vge Guw(g) =1 = forye G\ {1}, Age Grw(g) =1.
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Background Equations in groups

Solving equations

Conjecture (Klyachko and Thom 2017)

G a group, w(zi, ...,z ) regular.

Then, thereis H O G s.t. 3y, ..., h, € H w(hy, ...
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Background Equations in groups

Solving equations

Conjecture (Klyachko and Thom 2017)

G a group, w(zy,...,7,) regular.
Then, thereis H O G s.t. 3, ...,h, € H w(hy,...,hy) =1.

e r =1 this is the Kervaire-Laudenbach Conjecture:
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Solving equations
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G a group, w(zy,...,7,) regular.
Then, thereis H O G s.t. 3, ...,h, € H w(hy,...,hy) =1.

e r =1 this is the Kervaire-Laudenbach Conjecture:
® Gerstenhaber and Rothaus 1962: true for all finite groups;
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Conjecture (Klyachko and Thom 2017)

G a group, w(zy,...,7,) regular.
Then, thereis H O G s.t. 3, ...,h, € H w(hy,...,hy) =1.

e r =1 this is the Kervaire-Laudenbach Conjecture:

® Gerstenhaber and Rothaus 1962: true for all finite groups;
® Pestov 2008: true for all sofic groups;
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Background Equations in groups

Solving equations

Conjecture (Klyachko and Thom 2017)

G a group, w(zy,...,7,) regular.
Then, thereis H O G s.t. 3, ...,h, € H w(hy,...,hy) =1.

e r =1 this is the Kervaire-Laudenbach Conjecture:
® Gerstenhaber and Rothaus 1962: true for all finite groups;

® Pestov 2008: true for all sofic groups;
® OpenAl 2026b @) (presumably?): true for all groups.*

*OpenAl 2026a implies a weaker version of the Klyachko-Thom conjecture.
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Background Equations in groups

Solving equations
Interest in finding groups for which w(G") is large (possibly = G).
(because v € w(G") & 1 & v Lw(GT))
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Background  Equations in groups
Solving equations
Interest in finding groups for which w(G") is large (possibly = G).
(because v € w(G") < 1 & v tw(G"))

Theorem (Adeleke and Holland 1994)

G = Aut(Q; <). w with no constants and non-trivial.
Then, w(G") = G.
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Background  Equations in groups
Solving equations
Interest in finding groups for which w(G") is large (possibly = G).
(because v € w(G") < 1 & v tw(G"))

Theorem (Adeleke and Holland 1994)

G = Aut(Q; <). w with no constants and non-trivial.
Then, w(G") = G.

Theorem (Mycielski 1987; Lyndon 1990)

G := Sym(N). w with no constants, non-trivial, and w # z™ (n > 2).
Then, w(G") = G.
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Background Equations in groups

An interlude on oligomorphicity
Aut(Q; <) and Sym(N) are both oligomorphic:
Definition (Oligomorphic)

Q2] = Rg. G ~ Q is oligomorphic if for all n € N, G ~ Q" has
finitely many orbits in the action g - (ai,...,a,) — (ga1,..., gan).
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An interlude on oligomorphicity
Aut(Q; <) and Sym(N) are both oligomorphic:
Definition (Oligomorphic)

Q2] = Rg. G ~ Q is oligomorphic if for all n € N, G ~ Q" has
finitely many orbits in the action g - (ai,...,a,) — (ga1,..., gan).

Ryll-Nardzweski: G = Aut(M) oligomorphic < M is w-categorical.*

*M is w-categorical if its first-order theory has a unique countable model
(up to isomorphism).
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An interlude on oligomorphicity
Aut(Q; <) and Sym(N) are both oligomorphic:
Definition (Oligomorphic)

Q2] = Rg. G ~ Q is oligomorphic if for all n € N, G ~ Q" has
finitely many orbits in the action g - (ai,...,a,) — (ga1,..., gan).

Ryll-Nardzweski: G = Aut(M) oligomorphic < M is w-categorical.*
Algebraic examples: GL(RXo,F,), Sp(Ro, Fy), U(Rg,Fy), ORo, F,).

*M is w-categorical if its first-order theory has a unique countable model
(up to isomorphism).
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Background Equations in groups

An interlude on oligomorphicity
Aut(Q; <) and Sym(N) are both oligomorphic:
Definition (Oligomorphic)

Q2] = Rg. G ~ Q is oligomorphic if for all n € N, G ~ Q" has
finitely many orbits in the action g - (ai,...,a,) — (ga1,..., gan).

Ryll-Nardzweski: G = Aut(M) oligomorphic < M is w-categorical.*
Algebraic examples: GL(RXo,F,), Sp(Ro, Fy), U(Rg,Fy), ORo, F,).
Many examples are homogeneous: every isomorphism between finite
substructures of M extends to an automorphism.

*M is w-categorical if its first-order theory has a unique countable model
(up to isomorphism).
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Background Equations in groups

An interlude on oligomorphicity

Many examples are homogeneous: every isomorphism between finite
substructures of M extends to an automorphism.

Fraissé:
classes of finite substructures (ages) of o Fraissé
homogeneous structures classes |-
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Background Equations in groups

An interlude on oligomorphicity

Many examples are homogeneous: every isomorphism between finite
substructures of M extends to an automorphism.

Fraissé:
{ classes of finite substructures (ages) of } - { Fraissé }
homogeneous structures classes |-
Fraissé:* hereditary class C with the amalgamation property:
(AP) for A, By, By € C, and embeddings f; : A — B; (i € {0,1}),
there is C' € C and embeddings g; : B; — C (i € {0,1}) s.t.
giofi=g20f.

*Assuming language is countable and purely relational.
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An interlude on oligomorphicity

Many examples are homogeneous: every isomorphism between finite
substructures of M extends to an automorphism.

Fraissé:
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homogeneous structures classes |-
Fraissé:* hereditary class C with the amalgamation property:
(AP) for A, By, By € C, and embeddings f; : A — B; (i € {0,1}),
there is C' € C and embeddings g; : B; — C (i € {0,1}) s.t.
grofi=g20f.
If language is finite, M is w-categorical.

*Assuming language is countable and purely relational.
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Background Equations in groups

An interlude on oligomorphicity

Many examples are homogeneous: every isomorphism between finite
substructures of M extends to an automorphism.

Fraissé:
{ classes of finite substructures (ages) of } - { Fraissé }
homogeneous structures classes |-
Fraissé:* hereditary class C with the amalgamation property:
(AP) for A, By, By € C, and embeddings f; : A — B; (i € {0,1}),
there is C' € C and embeddings g; : B; — C (i € {0,1}) s.t.
grofi=g20f.
If language is finite, M is w-categorical.

Often, we specify homogeneous structures by their age:
random graph, generic triangle-free graph, random poset. ..

*Assuming language is countable and purely relational.
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Background Mixed identities

Mixed identities

w(z1, ..., z,) is a mixed identity if w(G") = 1.

A mixed identity without constants is a law.

G is mixed-identity-free (MIF): no (non-trivial) mixed identities.
G is lawless: no (non-trivial) laws.

Mixed identities describe the structure of a group/elements:

Ve a2 =1 or Vo ayz tyl =1

we would expect “rich group”=- “few" mixed identities.
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Mixed identities

Definition (MIF and lawless)

w(z1, ..., z,) is a mixed identity if w(G") = 1.
A mixed identity without constants is a law.
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Mixed identities

Definition (MIF and lawless)

w(z,...,z,) is a mixed identity if w(G") = 1.

A mixed identity without constants is a law.

G is mixed-identity-free (MIF): no (non-trivial) mixed identities.
G is lawless: no (non-trivial) laws.

@ Mixed identities describe the structure of a group/elements:

Vz 2?2 =1 or Vo ayz Iyt =1
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Background Mixed identities

Mixed identities

Definition (MIF and lawless)

w(z,...,z,) is a mixed identity if w(G") = 1.

A mixed identity without constants is a law.

G is mixed-identity-free (MIF): no (non-trivial) mixed identities.
G is lawless: no (non-trivial) laws.

@ Mixed identities describe the structure of a group/elements:
Vz 2?2 =1 or Vo ayz Iyt =1

@ we would expect “rich group”=- “few” mixed identities.
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Background Mixed identities

Mixed identities

Definition (MIF and lawless)

w(z1, ..., z,) is a mixed identity if w(G") = 1.

A mixed identity without constants is a law.

G is mixed-identity-free (MIF): no (non-trivial) mixed identities.
G is lawless: no (non-trivial) laws.

Theorem (Macpherson 1986)

G ~ () oligomorphic = G is lawless.
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:

® random graph, generic triangle free graph, Urysohn space

(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:

® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
® transitive with free amalgamation’

(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025);

"WITH ONE IMPORTANT CAVEAT TO COME!
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Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
® transitive with free amalgamation’
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),

® random poset, random permutation

(Bodirsky, Schneider, and Thom 2025).

"WITH ONE IMPORTANT CAVEAT TO COME!
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
* transitive with free amalgamationf
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),
® random poset, random permutation
(Bodirsky, Schneider, and Thom 2025).

Sometimes we have mixed identities!

"WITH ONE IMPORTANT CAVEAT TO COME!
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
® transitive with free amalgamation except if Aut(M) = Sym(N)
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),
® random poset, random permutation
(Bodirsky, Schneider, and Thom 2025).
Sometimes we have mixed identities!
e Sym(N): [z,t)% where t is a transposition

(Hull and Osin 2016),
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Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
® transitive with free amalgamation except if Aut(M) = Sym(N)
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),

® random poset, random permutation

(Bodirsky, Schneider, and Thom 2025).
Sometimes we have mixed identities!
e Sym(N): [z,t)% where t is a transposition
(Hull and Osin 2016);
* GL(Ro,F,)

(Bradford, Schneider, and Thom 2023);
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:

® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);

® transitive with free amalgamation except if Aut(M) = Sym(N)
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),

® random poset, random permutation
(Bodirsky, Schneider, and Thom 2025).

Sometimes we have mixed identities!

e Sym(N): [z,t)% where t is a transposition
(Hull and Osin 2016);

* GL(Ro,F,)
(Bradford, Schneider, and Thom 2023);

° Aut(Q; <)

(Bodirsky, Schneider, and Thom 2025).
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space
(Etedadialiabadi, Gao, Le Maitre, and Melleray 2021);
® transitive with free amalgamation except if Aut(M) = Sym(N)
(Ghadernezhad and de la Nuez Gonzalez 2019; Bodirsky, Schneider, and Thom 2025),
® random poset, random permutation
(Bodirsky, Schneider, and Thom 2025).
In the first two cases, we know all mixed identities are singular!
e Sym(N): all mixed identities are singular
(Bodirsky, Schneider, and Thom 2025);

® GL(Ro,[F,): all mixed identities are singular

(Bradford, Schneider, and Thom 2023);

* Aut(Q;<): 7777

(Bodirsky, Schneider, and Thom 2025).
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space ;
® transitive with free amalgamation except if Aut(M) = Sym(N) ;

® random poset, random permutation.

e Sym(N): all mixed identities are singular;

GL(No,F,): all mixed identities are singular;
Aut(Q; <): 7777.

Conjecture (Bodirsky, Schneider, and Thom 2025)

G ~ Q) oligomorphic = all mixed identities of G are singular.
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Background Mixed identities

Mixed identities in the oligomorphic/homogeneous context

Several automorphism groups of homogeneous structures are MIF:
® random graph, generic triangle free graph, Urysohn space ;
® transitive with free amalgamation except if Aut(M) = Sym(N) ;

® random poset, random permutation.

e Sym(N): all mixed identities are singular;

GL(No,F,): all mixed identities are singular;
Aut(Q; <): 7777.

Conjecture (Bodirsky, Schneider, and Thom 2025)

G ~ () oligomorphic = all mixed identities of G are singular.

Which general conditions imply that all mixed identities are singular?
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On algebraic closure

Algebraic closure

Definition (algebraic closure)

G ~ Q. B CQ finite.
acl(B) := {a € Q | a has finite Gp-orbit} .

Gp moves a

to an infinite

| \
acl(B) i E number of points
G moves b e e e 1 ./:/./3/./3,./3, ..
to a finite b by by E a a1 az ag
number of points N y
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On algebraic closure

Algebraic closure

Definition (algebraic closure)

G ~ Q. B C Q) finite.
acl(B) := {a € Q | a has finite Gp-orbit} .
G has no algebraicity if acl(B) = B for all finite B.
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On algebraic closure

Algebraic closure

Definition (algebraic closure)
G ~ Q. B CQ finite.

acl(B) := {a € Q | a has finite Gp-orbit} .
G has no algebraicity if acl(B) = B for all finite B.

Lemma (II. M. Neumann 1976)

G~ Q. A, B CQ finite and AN acl() =
Then, there is g € G such that (¢- A)N B

0.
= 0.
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On algebraic closure

Algebraic closure

Definition (algebraic closure)
G ~ Q. B CQ finite.

acl(B) := {a € Q | a has finite Gp-orbit} .
G has no algebraicity if acl(B) = B for all finite B.

Lemma (II. M. Neumann 1976)

G~ Q. A, B CQ finite and AN acl() =
Then, there is g € G such that (¢- A)N B

0.
= 0.

Theorem (Abért 2005)

G ~ ) with no algebraicity. Then, G is lawless.
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On algebraic closure

Algebraic closure

Definition (algebraic closure)
G ~ Q. B CQ finite.

acl(B) := {a € Q | a has finite Gp-orbit} .
G has no algebraicity if acl(B) = B for all finite B.

Theorem (Abért 2005)
G ~ Q with no algebraicity. Then, G is lawless.

Theorem (Bardyla, Elliott, Mitchell, and Péresse 2025)

G ~ Q) with no algebraicity. Then, for distinct semigroup words w, v
in one variable, there is g € G, s.t. w(g) # v(g).
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.
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Then, all mixed identities of G are singular.

Applies to plenty of groups:
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Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from logic)

® automorphism groups of homogeneous structures whose age has
the strong amalgamation property:
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Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from logic)

® automorphism groups of homogeneous structures whose age has
the strong amalgamation property:

® recovers most previous results;
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from logic)

® automorphism groups of homogeneous structures whose age has
the strong amalgamation property:

® recovers most previous results; and automatically cover reducts!
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from logic)

® automorphism groups of homogeneous structures whose age has
the strong amalgamation property:
® recovers most previous results;
® confirms the Bodirsky, Schneider, and Thom 2025 conjecture for
several cases beyond previous techniques:
(Q; <) and reducts, 2-homogeneous semilinear orders of negative type,
homogeneous local order S(2), homogeneous C relations;
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from logic)

® automorphism groups of homogeneous structures whose age has
the strong amalgamation property:

® recovers most previous results;

® confirms the Bodirsky, Schneider, and Thom 2025 conjecture for
several cases beyond previous techniques:
(Q; <) and reducts, 2-homogeneous semilinear orders of negative type,
homogeneous local order S(2), homogeneous C relations; These have
mixed identities (Ghadernezhad and de la Nuez Gonzélez 2019);
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from group theory)

® Thompson's groups F, T, and V; mixed identities studied in:

(Zarzycki 2010; Sanina and Zarzycki 2019; lvanov and Zarzycki 2025; Elliott 2026).
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from group theory)

® Thompson's groups F', T', and V'; mixed identities studied in:
(Zarzycki 2010; Sanina and Zarzycki 2019; lvanov and Zarzycki 2025; Elliott 2026).

These have mixed identities. This is MIF;
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from group theory)

® Thompson's groups F, T, and V; mixed identities studied in:

(Zarzycki 2010; Sanina and Zarzycki 2019; lvanov and Zarzycki 2025; Elliott 2026).

® Weakly branch groups (include Grigorchuk's group).
Has mixed identities (Jacobson 2021; Le Boudec and Matte Bon 2022);
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from group theory)

® Thompson's groups F, T, and V; mixed identities studied in:

(Zarzycki 2010; Sanina and Zarzycki 2019; lvanov and Zarzycki 2025; Elliott 2026).

® Weakly branch groups (include Grigorchuk's group).
Has mixed identities (Jacobson 2021; Le Boudec and Matte Bon 2022);

® Any wreath product G H, or direct product G x H
where G ~ 2 has no algebraicity.
Has mixed identities (Jacobson 2021);
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from topology)

® Homeomorphism groups of: Cantor set 2, Hilbert cube [0, 1],
manifolds of dimension > 1;
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Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from topology)

® Homeomorphism groups of: Cantor set 2, Hilbert cube [0, 1],
manifolds of dimension > 1; dimension > 2 are MIFHui and 0sin 2016);
Homeo(R), Homeo(S!) have mixed identities. (&iott 2026),
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Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from topology)

® Homeomorphism groups of: Cantor set 2%, Hilbert cube [0, 1]*,
manifolds of dimension > 1; dimension > 2 are MIFHui and 0sin 2016);
Homeo(R), Homeo(S!) have mixed identities. (&iott 2026),

e Diffeomorphism groups of smooth boundariless manifolds;
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The result
Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from topology)
® Homeomorphism groups of: Cantor set 2%, Hilbert cube [0, 1]*,

manifolds of dimension > 1; dimension > 2 are MIFHui and 0sin 2016);
Homeo(R), Homeo(S!) have mixed identities. (&iott 2026),

e Diffeomorphism groups of smooth boundariless manifolds;

® Any group with a Rubin action;

(Rubin 1989; Belk, Elliott, and Matucci 2025);
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The result
Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

Applies to plenty of groups:
Examples (Examples from topology)
® Homeomorphism groups of: Cantor set 2%, Hilbert cube [0, 1]*,

manifolds of dimension > 1; dimension > 2 are MIFHui and 0sin 2016);
Homeo(R), Homeo(S!) have mixed identities. (&iott 2026),

e Diffeomorphism groups of smooth boundariless manifolds;

® Any group with a Rubin action;

(Rubin 1989; Belk, Elliott, and Matucci 2025);
® Homeo™(0,1), Homeo™(S1);
(open problem in Bodirsky, Schneider, and Thom 2025);
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

@ More precisely: the set of non-solutions to a regular mixed word

{(917'“791") €eG’ ’ w(g1,...,gr) 7& 1}
is dense in G wrt the topology of pointwise convergence.

A basis of open neighbourhoods of the identity is given by stabilisers of finite
sets G4 for A C Q finite.
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The result

Our result

Theorem (MP 2026)

G ~ Q with no algebraicity.
Then, all mixed identities of G are singular.

@ More precisely: the set of non-solutions to a regular mixed word

{(917'“791") €eG’ ’ w(g1,...,gr) 7& 1}
is dense in G wrt the topology of pointwise convergence.

@ We do not need the action to be faithful.

A basis of open neighbourhoods of the identity is given by stabilisers of finite
sets G4 for A C Q finite.
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Strategy

Proof strategy*
For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With

g-(a1,...,a,) = (al,...,a).

fw with one variable.
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Strategy

Proof strategy

For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With
g-(a1,...,a,) = (al,...,a).

w(z) = 1127107 Yoz s Ty e YT YT AT T I3 T 0Ty 20

! !
g a3 72 % g a2 Y1 %1 g a1 Y0 ao

!

(13 q

3 -1 ro—1

RAE a5 9

ay Tod Iod a5

/ / Y5

, g ag 7 9 g ar Y6 % g
ag ¢ ¥ a6
8

—1 / —1
g a9 Y9 %109

a) —————9 a10
10
ajy g K
¥ a11
Y11

ai2
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Strategy

Proof strategy

For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With

g-(a1,...,a,) = (al,...,a).
Rank elements according to their position in Z.

Rank 4 Rank 3 + Rank2  Rank 1 i Rank0

7 7
a3 72 9% a2 Y1 % a1 Y0 ao

/ 1
a9 Y9 %10

1

1

1

aio !
1

710 :
a1l !
1

1

1

1

Y11
a12

Paolo Marimon Mixed identities



Strategy

Proof strategy
For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With
g-(a1,...,a,) = (al,...,a).
We want g so that elements of different ranks are independent!

1!
rl]I
1

1

ai2

1
1 1 ! 1 / 1
1 , a3 72 G2 4 a2 Y1 9, a1 Y0 ap
I ao 4
1 3 1 1 1
1 Y3 1 7l 1
1 , a4 Y4 G5 1
! ay ——0—9——9 G5 1
1 4 1 1 1
1 !/ 1 !/ 1 5 1
, ag Y7 47 a7 Y6 % 7 1
R A e
8 1 1 1 1
Y8 1 ;1 1 1
// ag Y9 410 1 1
a, ——0——9— 9 a1 ! !
9 1 0 1 1
;o1 10 1 1
11 v 1 1
1 1
1 1
1 1
1 1
1 1

1
1
1
! ¥ a11
1
1
1
1
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Strategy

Proof strategy
For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With
g-(a1,...,a,) = (al,...,a).
We cannot guarantee elements of same rank to be distinct!

1!
rl]I
1

1

ai2

1
1 1 ! 1 / 1
1 , a3 72 G2 4 a2 Y1 9, a1 Y0 ap
I ao 4
1 3 1 1 1
1 Y3 1 7l 1
1 , a4 Y4 G5 1
! ay ——0—9——9 G5 1
1 4 1 1 1
1 !/ 1 !/ 1 5 1
, ag Y7 47 a7 Y6 % 7 1
R A e
8 1 1 1 1
Y8 1 ;1 1 1
// ag Y9 410 1 1
a, ——0——9— 9 a1 ! !
9 1 0 1 1
;o1 10 1 1
11 v 1 1
1 1
1 1
1 1
1 1
1 1

1
1
1
! ¥ a11
1
1
1
1
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Strategy

Proof strategy
For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With
g-(a1,...,a,) = (al,...,a).
Use Neumann's Lemma to guarantee independence (looking ahead!)

1
1 1 ! 1 i 1
! a3 Y2 4%, a2 71 %, a1 Y0 ao
1 al ¢
1 1 1 1
1 Y3 1 . 1
1 , | ag Y4 G5 1
1 ay p a5 1
1 4 1 1 1
1 7 Y5 1
voag 7 A7 ar V6 % ” 1
a; e ¥ a6 !
8 1 1 1 1
Y8 ;o 1 1
! 1ag Y9 %10 1 1
/
a, ——e———0——9 a1 ! !
9 1 1 0 1 1
1 ;1 /10 1 1
1 a11 " 1 1
! ¥ a1l ! !
1 -~ 1 1 1
. Y11 . .
1 1 1
1 1 1
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Strategy

Proof strategy
For g € G, ap € 2, the images of ag with respect to subwords of w
create a sequence (ag, a1, aj, ..., Gy, a,, Gpt1) With
g-(a1,...,a,) = (al,...,a).
Induction proof: challenge is balancing inductive hypothesis!

ai2 .

1
1 1 ! 1 / 1
1 , a3 72 G2 4 a2 Y1 9, a1 Y0 ap
1 as ¢
1 3 1 1 1
1 Y3 1 7l 1
1 , a4 Y4 G5 1
! ay ——0—9——9 G5 1
1 4 1 1 1
1 !/ 1 !/ 1 5 1
, oag YT % a7 Y6 G i 1
B T 2
8 1 1 1 1
Y8 1 /A 1 !
Tl a9 9 %0 | |
a, ——e——0——9 a1 1 |
9 1 1 0 1 1
! ot /10 ! !
I a1 7 1 1
1 ¥ a11 1 1
1 -~ 1 1 1
1 ’1 1 1 1 1
1 1 1
1 1 1
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Strategy

Geometric properties underlying the proof

With algebraicity, we need further geometric properties and a
strengthening of Neumann’s Lemma.
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Strategy

Geometric properties underlying the proof

Definition (pregeometry)
(Q,cl) for cl: P(Q2) — P(Q) is a pregeometry if it satisfies:

(REFLEXIVITY) A Ccl(A);

(TRANSITIVITY) cl(cl(A)) = cl(A);
(MONOTONICITY) if A C B, then cl(A) C cl(B);
(FINITE CHARACTER) cl(A4) = J{cl(C)|C C A finite}
(EXCHANGE) if a €cl(AU{b})\ cl(A),

then b € cl(A U {a}).
It is G-invariant if for g € G, cl(gA) = gcl(4).
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Strategy

Geometric properties underlying the proof

Definition (pregeometry)
(Q,cl) for cl: P(Q) — P(RQ) is a pregeometry if it satisfies:

(REFLEXIVITY) A C cl(4);

(TRANSITIVITY) cl(cl(A)) = cl(A4);
(MONOTONICITY) if A C B, then cl(A4) C cl(B);
(FINITE CHARACTER) cl(4) = J{cl(C)|C C A finite}
(EXCHANGE) if a €cl(AU{b})\cl(A),

then b € cl(A U {a}).
It is G-invariant if for g € G, cl(gA) = gcl(A).

Natural definitions of independent sets, bases, and dimension. ..

Paolo Marimon Mixed identities



Strategy

Geometric properties underlying the proof

Definition (pregeometry)
(Q,cl) for cl: P(Q) — P(RQ) is a pregeometry if it satisfies:

(REFLEXIVITY) A C cl(4);

(TRANSITIVITY) cl(cl(A)) = cl(A4);
(MONOTONICITY) if A C B, then cl(A4) C cl(B);
(FINITE CHARACTER) cl(4) = J{cl(C)|C C A finite}
(EXCHANGE) if a €cl(AU{b})\cl(A),

then b € cl(A U {a}).
It is G-invariant if for g € G, cl(gA) = gcl(A).

Natural definitions of independent sets, bases, and dimension. ..

(Q, cl) is modular if for all closed A, B C €,
dim(A U B) = dim(4) + dim(B) — dim(A N B) .
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Strategy

Higher Neumann pregeometries

Definition

Let G ~ Q. G-invariant (£, cl) is higher Neumann if for each

B, C C Q finite, a € Q such that cl(a) Ncl(B) = cl(f), and X C G
finite, there is ¢ € Gp such that

U vg(a) | Nel(C) = cl(D) .

vEX
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Strategy

Higher Neumann pregeometries

Definition

Let G ~ Q. G-invariant (£, cl) is higher Neumann if for each

B, C C Q finite, a € Q such that cl(a) Ncl(B) = cl(f), and X C G
finite, there is ¢ € Gp such that

L U vg(a) | nel(€) = cl(o) .

vEX

Theorem (MP 2026)

Let G ~ Q. Let (2, cl) be a G-invariant infinite-dimensional higher
Neumann modular pregeometry.
Then all mixed identities of G are singular.
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Strategy

Higher Neumann pregeometries

Definition

Let G ~ Q. G-invariant (£, cl) is higher Neumann if for each

B, C C Q finite, a € Q such that cl(a) Ncl(B) = cl(f), and X C G
finite, there is ¢ € Gp such that

| |Jve(a) | nel(C) =) .

YEX

Theorem (MP 2026)

Let G ~ Q. Let (9, cl) be a G-invariant infinite-dimensional higher
Neumann modular pregeometry.
Then all mixed identities of G are singular.

Applies to GL(k, K) and PGL(k, K) for k > N, recovering results
of Bradford, Schneider, and Thom 2023.
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Strategy

Higher Neumann pregeometries

Definition

Let G ~ Q. G-invariant (2, cl) is higher Neumann if for each

B, C C Q finite, a € Q such that cl(a) Ncl(B) = cl(), and X C G
finite, there is ¢ € Gp such that

U'yg Nel(C) = cl(0) .

YEX

Theorem (MP 2026)

Let G ~ Q. Let (Q2,cl) be a G-invariant infinite-dimensional higher
Neumann modular pregeometry.
Then all mixed identities of G are singular.

Bradford, Ersoy, Schneider, and Thom 2026:
also yields the result for Sp(Xg, F,), SURg, F,), O(Rg, Fy).
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Strategy

Higher Neumann pregeometries

Definition

Let G ~ Q. G-invariant (£, cl) is higher Neumann if for each
B, C C Q finite, a € Q such that cl(a) N cl(B) = cl(@), and ¥ C G
finite, there is ¢ € Gp such that

L U vg(a) | nel(€) = cl(o) .

vEX

Theorem (MP 2026)

Let G ~ Q. Let (2, cl) be a G-invariant infinite-dimensional higher
Neumann modular pregeometry.
Then all mixed identities of G are singular.

» More on the proof
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A topological extra

Microsupported actions
Several of the examples coming from topology are microsupported:

Definition
Q = (Q; 7) Hausdorff, G < Homeo(£2). G is microsupported if
for every non-empty open set U C €2, Go\y # {1}
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A topological extra

Microsupported actions
Several of the examples coming from topology are microsupported:
Definition
Q = (Q;7) Hausdorff, G < Homeo(£2). G is microsupported if
for every non-empty open set U C €2, Go\y # {1}

Theorem (Nekrashevych 2022)

If G is microsupported, then G is lawless.
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A topological extra

Microsupported actions
Several of the examples coming from topology are microsupported:
Definition
Q = (Q;7) Hausdorff, G < Homeo(£2). G is microsupported if
for every non-empty open set U C €2, Go\y # {1}

Theorem (Nekrashevych 2022)

If G is microsupported, then G is lawless.

Theorem (MP 2026)

If G is microsupported, then all of its mixed identities are singular.
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A topological extra

Microsupported actions
Several of the examples coming from topology are microsupported:
Definition
Q = (Q;7) Hausdorff, G < Homeo(£2). G is microsupported if
for every non-empty open set U C €2, Go\y # {1}

Theorem (Nekrashevych 2022)

If G is microsupported, then G is lawless.

Theorem (MP 2026)

If G is microsupported, then all of its mixed identities are singular.

Different proof idea: lifting lawlessness through microsupport.
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A topological extra

Thank you for your time!

Recap:
e All mixed identities being singular is a strong form of lawlessness;
e We prove this for:
® groups with no algebraicity;
® groups with microsupported actions.
e Key new idea: use global geometric properties of actions instead
of properties of constants (controlling products of constants).
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Why these geometric conditions?

Induction splits into two cases:

® a1 is in the closure of previous elements;

® a1 is not in the closure of previous elements.
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extras

Why these geometric conditions?

Induction splits into two cases:
® a,41 is in the closure of previous elements
= By modularity+IH,
an+1 is in closure of previous elements of its rank;
we already know where it has to move
(with IH guaranteeing independence of columns).
® a1 is not in the closure of previous elements.

1
! !
, @372%2 | az71 91 | a170 ao
1

1 1
1 1
1 1
1 1
1 Y% 1 1
1 Y3 , 477405 1
1 az’l ‘® as 1
1 ;o ;o ~ 1
1 ag Y707 1 arYe G 1 | 5
’
G W |
P’ !
Vf ! ag Y9910 | :
\e

a9 (R ad (o a0 1
1 /] 1 1
, a11| Y10 . .
1 1 1
1 1 1
1 1 1
1 1
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extras

Why these geometric conditions?

Induction splits into two cases:
® a1 is in the closure of previous elements;

® a1 is not in the closure of previous elements
= By higher Neumann+pregeometry, move a,11 and all of its
translates to guarantee independence of columns.

1
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extras

Why these geometric conditions?

Induction splits into two cases:

® g, is in the closure of previous elements;

® g, is not in the closure of previous elements

8
a9
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The microsupported proof

Proof.

Let w:= Yy T Yno1 Teny -+~ Y1 L 0.
u := w after forgetting constants.
Let & == yevk—1--70; X :={1,80,-.-,&n}-
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The microsupported proof

Proof.

o €n—1
Let w:=vn T" Yn-1 Tmy --- V1 T Y0

u := w after forgetting constants.

Let é-k = YkVk—1"" 70, Y= {17507 °00 7§n}

By microsupport: there is V' C ) open such that any two members
of X either agree on V or have disjoint images.
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The microsupported proof

Proof.

— €n—1
Let w:=vn T" Yn-1 Tmy --- V1 T Y0

ln
u := w after forgetting constants.
Let é-k = YkVk—1"" 70, = {17507 °00 7571}
By microsupport: there is V' C ) open such that any two members
of X either agree on V or have disjoint images.
Go\v ~ V is also microsupported. By lawlessness, there are
hi,...,h. € Go\y such that u(hy, ..., h;) # 1.
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The microsupported proof

Proof.

— €n—1
Let w:=vn T" Yn-1 Tmy --- V1 T Y0

ln
u := w after forgetting constants.
Let é-k = YkVk—1"" 70, = {17507 °00 7571}
By microsupport: there is V' C ) open such that any two members
of X either agree on V or have disjoint images.
Go\v ~ V is also microsupported. By lawlessness, there are
hi,...,h. € Go\y such that u(hy, ..., h;) # 1.
Set p; := HjeD §jh¢§;1 (D selects one index per disjoint image).
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The microsupported proof

Proof.

Let w:= 7, afs Tn—1 fffffll e N xfll 70-
u := w after forgetting constants.

Let & := Y Ve—1-Y0; L :={1,40,.--,&n}-

By microsupport: there is V' C ) open such that any two members
of X either agree on V or have disjoint images.

Go\v ~ V is also microsupported. By lawlessness, there are
hi,...,h. € Go\y such that u(hy, ..., h;) # 1.

Set p; := HjeD §jh¢§;1 (D selects one index per disjoint image).
@ ForaecV, w(pi,...,pr)(a) =E&ulh,. .., h)(a).
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The microsupported proof

Proof.

Let w:= 7, afs Tn—1 fffffll e N xfll 70-

u := w after forgetting constants.

Let & == yevk—1--70; X :={1,80,-.-,&n}-

By microsupport: there is V' C ) open such that any two members

of X either agree on V or have disjoint images.

Go\v ~ V is also microsupported. By lawlessness, there are
hi,...,h. € Go\y such that u(hy, ..., h;) # 1.

Set p; := HjeD §jh¢§;1 (D selects one index per disjoint image).
@ ForaecV, w(pi,...,pr)(a) =E&ulh,. .., h)(a).

By construction of V' (and 1,&, € X):

o (EITHER) & (V)N V = 0: w(py,...,p) (V)N V = 0;
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extras

The microsupported proof

Proof.

Let w = Yn T Vo1 Tny .- M T Y0
u := w after forgetting constants.
Let & := Y Ve—1-Y0; L :={1,40,.--,&n}-
By microsupport: there is V' C ) open such that any two members
of X either agree on V or have disjoint images.
Go\v ~ V is also microsupported. By lawlessness, there are
hi,...,h. € Go\y such that u(hy, ..., h;) # 1.
Set p; := HjeD §jh¢§;1 (D selects one index per disjoint image).
@ ForaecV, w(pi,...,pr)(a) =E&ulh,. .., h)(a).
By construction of V' (and 1,&, € X):
e (EITHER) &(V)NV =0: w(pr,...,pa) (V)N V =0;
® (OR) &,V =1Idy: take a € V such that u(hy,...,h,)(a) # a.
Then, w(p,...,pr)(a) # a.
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